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IN THE MID-FREQUENCY REGION 
By Ji Woo Yoo 
The mid-frequency region, where neither a low frequency deterministic method nor 
a high frequency statistical method may be amenable requires special treatment. 
For  structures  such  as  automotive  vehicles,  ships  and  aircraft,  this  region 
corresponds to  an important part of perceived sound spectrum, and it is necessary 
to  develop  practical  methods to  predict the  response  in  this region.  This  thesis 
develops  and compares  approaches  that  can deal  with built-up  structures  in the 
mid-frequency range. 
Most previous  work on this  region  has  been  limited  in  application to  a  simple 
structure,  for  example,  a one-dimensional system or a single beam coupled to  a 
plate so that its applicability to more complex structures has yet to be determined. 
Thus, an objective of this thesis is to  develop approaches that can deal with more 
complicated structures in the mid-frequency region.  Two principal configurations 
considered are  a fully framed rectangular plate and a rectangular plate with two 
beams on opposite parallel edges. While the beams are relatively stiff, the plate is 
more flexible. Such systems are typical components in industrial applications and it 
is important to identify their dynamic behaviour at the mid and high frequencies. The analytical models considered are based on a wave method, proposed by Grice 
and Pinnington. The beam is assumed infinitely stiff to torsion and thus the plate 
edge  at  a  junction  is  sliding.  This  method  starts  from  free  wavenumbers  of 
subsystems and uses  an approximate impedance for  the plate in determining the 
coupled beam wavenumbers. It is  reasonable as  long as  the beam is  much stiffer 
than the plate. This approximate wave method is enhanced by introducing Muller's 
method to solve for the wavenumbers. 
The  model  is  extended  from  a  single-beam-plate  system,  to  a  plate  with  two 
parallel beams which is  modelled using a symmetric-antisyrnmetric wave model, 
and a plate surrounded by four beams which is modelled using a plate-decoupled 
wave model. The modelling techniques for the two systems are different, although 
a  similar  wave  approach  is  used.  Because  the  wave  methods  provide  an 
approximate response, a Fourier technique and a modal method based on simplified 
boundary  conditions  are  also  considered  for  comparison.  These  provide  exact 
responses for the two-beam-plate and four-beam-plate systems respectively for the 
particular boundary conditions.  The wave method can be applied more generally 
and  is  computationally more  efficient  but  involves  approximations that  are  not 
always justified. For example, mobilities show some discrepancy when the coupled 
beam wavenumbers found from the travelling wave have a high rate of  decay. 
An experimental study is performed to verify the analytical models. Comparisons 
based on power and subsystem energy ratios show that the wave models replicate 
well the  experimental results  at  mid and  high frequencies.  Also,  the  modal and 
Fourier models show good agreement at these frequencies, which justifies their use 
of simplified boundary conditions. A wavenumber correlation technique has been 
used to verify experimentally that the wavenumbers in the plate follow those of  the 
beam in the direction parallel to the beam. 
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Since the industrial revolution started in the United Kingdom in the  18
th  century, 
vibration,  noise  and  related  problems  have  often  been  critical  issues  in  most 
industrial,  commercial  and  domestic  situations  [1].  In  addition,  the  increasing 
importance of social and environmentally friendly regulations ensures  that  noise 
and vibration must be given a high priority in industry [1, 2]. From the industrial 
viewpoint and for the welfare of  people, this might become more critical in future. 
Low frequency dynamics that provides a basic theory for dealing with a noise and 
vibration problem can often be considered using simple lumped parameter systems 
analysed using Newton's law of  motion. As the frequency range is extended, more 
complex analytical and numerical models are required, a typical example of  which 
is  the widely applied Finite Element Method (FEM)  [3-10].  In this,  a discretised 
model of  a continuous system is produced using elements that incorporate stiffuess, 
mass  and dissipation effects.  FE is  basically suitable for low frequency analysis 
because  higher frequency calculations  require more  elements as  the wavelength 
reduces.  There  is  also  a  more  fundamental  reason  that  prevents  the  higher 
frequency application.  At high frequencies  the dynamic  response is  increasingly 
sensitive to  structural details and consequently there is considerable variability in 
the response due to  uncertainties  [11].  This means that the exact modelling of a 
particular system is limited and impractical [12]  and thus high frequency analysis 
should be carried out in a different way, i.e.  a statistical approach which provides 
more useful spatial and frequency average behaviour. 
In this context alternative methods were developed to overcome the disadvantages 
of the  low  frequency  technique  such  as  FE,  the  most  widely  accepted  being Chapter 1. Introduction 
Statistical Energy Analysis (SEA) [12-17]. In SEA, the system is considered to be 
an assembly of subsystems and each subsystem is assigned a single energy degree 
of freedom  [15].  The coupling loss  factor (CLF) describes  the power transferred 
through a junction between subsystems. As a probabilistic method, SEA requires a 
minimum number of modes in each subsystem and it is  assumed that subsystems 
are weakly coupled.  These inherent characteristics of SEA imply that it  is  more 
suitable for high frequency analyses. 
An alternative energy based method, the so-called Energy Flow Method (EFM) has 
been  developed  [28-34].  However,  the  application  is  also  limited to  the  higher 
frequency regions in general and some difficulties remain. 
Between the low and high frequency is called the mid-frequency region, in which 
neither method mentioned above is  suitable. Therefore, much recent research has 
attempted  to  find  new  methods  suitable  for  mid-frequency  analysis.  FE-based 
techniques involving the component mode synthesis (CMS) [35-39], wave methods 
[40, 41],  fuzzy structure theory [42-46]  and a mode-based approach [47-49]  have 
been  proposed.  In  addition,  some  methods  combine  the  advantages  of the 
conventional methods such as  FE  with the  energy flow  method (EFM)  or wave 
methods. Theses are called hybrid methods [50-56]. These methods are discussed 
in more detail in the following sections. 
1.2 Low frequency methods 
Low frequency analysis has been traditionally important because it represents the 
fundamental characteristics of  a structure and some useful and powerful numerical 
methods have been developed for this analysis range. 
The most common of these is the finite element method. It is widely used in most 
companies manufacturing mechanical engineering applications.  This is  primarily 
due to the increasing dependence on virtual prototyping using FE instead of  many 
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physical experiments. Also both the static and dynamic characteristics of a product 
can be predicted before manufacturing and  other performance,  optimisation and 
design  calculations  can be  considered.  For example,  it  is  generally used  in the 
automotive  industry  to  predict  body  vibrations  and  interior  noise  in  the  low 
frequency region [5-7]. In an FE model the structure is divided into a finite number 
of elements, often hundreds of  thousands, and an overall stiffuess and mass matrix 
is determined in terms of degrees of freedom (e.g. displacements and rotations) for 
each element. This is a deterministic method because in principle it is possible to 
predict the exact behaviour ofthe system for given material properties. 
In  general,  it  is  known that  more  than  four  linear elements  are  needed per half 
bending wavelength to predict and replicate the continuous deformation [3, 4]. The 
accuracy  of the  result  can  usually  be  improved  by increasing  the  number  of 
elements  [8].  This means that  for  more accurate results  in the higher frequency 
range, a large number of elements should be included. Thus, it is more appropriate 
for  low  frequency  analysis.  This  limitation  may  partially  be  solved  by  the 
significant  development  of  computer  speed  and  memory  allowing  enlarged 
frequency ranges to be solved. Also, recent new developments have led to  higher 
order elements being developed  [9,  10].  These Hierarchical Finite Elements  use 
higher  order polynomial  or  slope  functions  which  result  in fewer  elements  per 
wavelength and can result in smaller computational problems. However, even with 
such a large size of  model, predictions can be inaccurate due to the uncertainties of 
the  system.  For example,  the  response of the  structure can be very sensitive to 
small  fabrication  details  so  that  the  dynamic  characteristics  seem  significantly 
different at high frequencies.  Such an example is  shown in Figure  1.1  where the 
measured noise levels in the cabin of 57 nominally identical trucks due to  a force 
input at the wheel show large variations even at frequencies that are not particularly 
high  [11].  If an  FE  model  were  made  of one  of these  variants  it  would  not 
accurately represent the others. 
Thus,  although  extending  the  frequency  range  is  possible  in  principle,  the 
variability in  the results  at  high  frequencies  make this  option inappropriate  and 
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dependent on the physical and geometrical properties and may require numerical 
calculations [18]. Values can also be estimated using a wave method [19, 20]. 
In SEA it is assumed that the response is spatially diffuse within each subsystem, 
so  that only the total vibrational energy in each subsystem is important.  Because 
each subsystem or substructure corresponds to  only one element of the  solution 
matrix,  it  is  a  relatively  simple,  efficient  and  low  cost  method.  However,  in 
practical applications there are also  some difficulties.  One of them is  to  find  the 
relevant  coupling  loss  factors.  To  ensure  more  accurate  results  for  practical 
structures,  more  diverse  coupling  loss  factors  that  include  more  dynamic 
characteristics  of the  corresponding  structures  should  be  defined,  so  that  their 
variability due to uncertainties can be identified [21]. 
Ideally for  application of SEA the subsystems or substructures should be weakly 
coupled.  Coupling is  generally considered weak if the ratio of the coupling loss 
factor to  the internal loss factor for the subsystem is  substantially less than unity 
[22].  The  response based on SEA depends  strongly on  the modal  overlap.  The 
modal  overlap  is  the  ratio  of the  half-power bandwidth  to the  average  spacing 
between resonances [12]. If this factor is in the region of unity or greater then no 
clear  resonance  peaks  can  be  seen,  since  the  resonance  peaks  tend  to  merge 
together. As variability of  the response due to structural uncertainties is of  concern, 
it is preferable to have high modal overlap that generally leads the variance of the 
response  to  be  low  [15].  In  addition,  for  any  particular  frequency  band  each 
substructure should contain a minimum number of  modes whose natural frequency 
falls  within  the  band  and  there  should  ideally  be  equi-partition of vibrational 
energy between the modes of  a substructure [16]. 
Because  of such  assumptions  mentioned  above,  the  accuracy of the  predicted 
average energy is limited particularly for a system containing components carrying 
a long wavelength or having a low modal density. This results in a low frequency 
limit for the applicability of  SEA in such cases. 
6 Chapter 1. Introduction 
SEA is thus generally used for the high frequency analysis in various areas such as 
buildings [14], aerospace applications [23] and more recently automotive vehicles. 
One  successful  example of the  latter was  given by Fraser [24],  in  which wave 
intensity analysis proposed by Langley [57, 58] was used to model a curved panel 
and  a  complex  joint modelling  technique  was  studied.  Then,  the  energy  level 
difference of certain panels connected through  a joint,  such as  the  roof and the 
windscreen  or  the  windscreen  and  the  firewall,  was  predicted  in  an  SEA 
framework. The sound pressure level (SPL) in the interior saloon due to an engine 
excitation was predicted by the complex joint SEA model. The result showed good 
agreement with  experiment  in  terms of one-third octave bands in the  frequency 
range of 100 to 6300 Hz and the most important noise paths were identified. 
Another application to  an automotive vehicle was carried out by Yamazaki et al 
[25], where an FE model was used in the calculation of the coupling loss factors. 
As it is difficult to find the experimental modal density of a complex structure such 
as  an automotive body-in-white, the modal density of each subsystem of the body 
was determined from  the normal mode analysis with an FE model. The coupling 
loss factors were obtained using the equation for infinite plates connected at a line 
junction  and  the  effect  of the  power  reflection  by the  coupled  structure  was 
ignored.  Thus,  in  fact  they  were  not  calculated  in  terms  of a  power  balance 
equation. Although the result is only approximate, the coupling loss factor shows 
reasonable agreement compared with the experiment above about 500 Hz. 
1.3.2 Statistical Energy Analysis: variability at low frequency 
The previous studies based on SEA are important because, although a statistical 
model  is  normally  acceptable  for  high  frequency  analysis,  it  is  also  helpful  to 
understand the physical behaviour of the structure in the  low and mid-frequency 
regions. Thus, SEA-related studies previously published, especially studies dealing 
with the variability of the coupling loss factors  are discussed here because most 
difficulties in an SEA application are related to such variability due to uncertainties. 
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An investigation into  the  variability of the  CLF  was  conducted by Wester and 
Mace  [26].  They used  an  explicit ensemble average  formulation to  analyse two 
line-coupled finite  rectangular plates.  The response of the system was  described 
using a wave approach. The subsystem was assumed to be drawn from an ensemble 
in which the reflection coefficient phase lag is uniformly distributed as  a random 
variable.  Accordingly, the ensemble power was presented and compared with the 
estimates of the CLFs obtained using traditional SEA methods, e.g.  infinite plate 
wave  transmission.  It  was  shown  that  the  traditional  SEA  hypothesis  of 
proportionality between the coupling power and the difference in subsystem mean 
modal  energies  is  exact for the  ensemble average response of the plate systems, 
regardless of the strength of coupling. Also a CLF traditionally calculated for use 
in SEA by a wave method, in which semi-infinite subsystems and diffuse fields are 
assumed,  was  found  generally  to  over-estimate  the  exact  value  based  on  the 
ensemble average predictions at low frequencies (low modal overlap). At these low 
frequencies the subsystems are described as being strongly coupled. 
Fahy and Mohammed [27]  investigated the relationship between the CLF,  modal 
overlap factor and the variance of  the power flow for a coupled plate system using 
a computational experiment. For the coupled plate system presented, it was shown 
that it is necessary to  have at least five resonance frequencies in a frequency band 
for reliable estimates of the CLF to  be obtained.  In addition, the estimates of the 
CLF based on a diffuse field transmission coefficient generally exceed the actual 
value when the geometric average modal overlap factor of the two subsystems is 
much less  than unity.  Accordingly, the computational examples showed that the 
CLF derived from  tests on one physical sample could be  umepresentative of the 
ensemble average value when modal overlap factors are small. 
The variability in the CLF of two  coupled rectangular plates was investigated by 
Park [21] using the dynamic stiffness method. In order to quantify the variability of 
the effective CLF, a wide range of  parameter variations such as the thickness ratio, 
the  length  ratio,  the  length-to-width ratio  and  damping loss factor were  studied 
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using finite plate simulations. Variations in both modal density and modal overlap 
were  considered,  either  together  or  separately.  Although  the  variability  of the 
effective  CLFs  reduced  as  frequency  increased,  it  was  found  that  significant 
variability still remained when modal overlap is greater than about 0.4. Upper and 
lower bounds for the CLF developed by Craik et al  [59]  were considered. It was 
shown that better agreement is  found when the modal overlap of both systems is 
taken into account, rather than that of the receiver alone, as originally proposed by 
Craik et  al  [59].  Also the variance was investigated to  find the variability of the 
effective  CLF  in  terms  of the  combined  modal  overlap  factor  and  combined 
number of  modes for each subsystem. An empirical formula for the variance of  the 
effective CLF was  derived,  which showed improved confidence intervals  of the 
CLFs compared with previously published estimates [59, 60]. 
1.3.3 Energy flow method and energy finite element method 
An alternative method to  SEA,  a so-called energy method (energy flow  method, 
EFM) is in use to solve high frequency problems. As SEA can only define a single 
energy value for each subsystem, the spatial information within an SEA subsystem 
cannot  be  found.  Although  the  division  of subsystems  into  smaller  ones  may 
partially solve this limitation,  in general these become strongly coupled and the 
same  energy levels  are  obtained  for  the  divided  components.  To  overcome  this 
limitation  Nefske  and  Sung  [28]  proposed  a  power  flow  analysis,  which  is 
analogous  to  the  flow  of thermal  energy  in  heat  conduction.  Based  on  this 
hypothesis,  Wohlever and  Bernhard  [29]  developed  an  energy flow  method for 
one-dimensional systems.  On the assumptions that a structure has light damping 
and that the kinetic energy density and potential energy density are equal, a second 
order differential  equation governing the  energy distribution was developed and 
applied to coupled rod or coupled beam systems. 
Bouthier and  Bernhard  [30]  also  applied  this  method  to  membranes  where  the 
energy equation is approximate or relies on the assumption that one is in the far 
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analytical solution of semi-infinite members connected to  each other and by the 
continuity of the power flow across the junction. Where it is continuous between 
elements the energy density was found in the conventional finite element manner. 
The  calculated  energy ratio  in  one-third  octave  bands  for  a  scale  model  of an 
engine foundation and  a large scale ship  structure shows  similar agreement with 
that of conventional SEA above about 4000 Hz. The numerical result also showed 
that the spatial variation of  the energy density can easily be identified using EFEM. 
It is traditionally important to define the joints particularly of  automotive vehicles, 
especially  spot-welded  joints.  The  development  and  evaluation  of the  power 
transfer coefficient in the EFEM framework was carried out by Vlahopoulos et al 
[34]  to  predict the behaviour of spot-welded joints in an  automotive structure.  In 
order  to  derive  the  power transmission  coefficient,  the  connected members  are 
generally  considered  semi-infinite,  similar  to  SEA.  However,  although  the 
conventional  FEM was  utilised  to  compute the  power characteristics, the  semi-
infinite  assumption  was  not  used.  Instead,  a  numerical  iterative  algorithm  was 
adopted.  The  technique  presented  showed  better  agreement  in  comparisons  of 
energy ratio of the two-plate coupled system via spot-welding.  This energy flow 
approach via the FE method shows the possibility of  a hybrid method incorporating 
an energy method with FE, which will be discussed further later in this chapter. 
Another type of  energy flow method was developed for a jointed beam structure by 
Shankar and  Keane  [61,  62].  Under some  limiting  conditions,  for  example,  the 
beams are not allowed to be coupled at the mid-span and the boundary conditions 
are  only hinged  or clamped conditions,  the  average  energy levels  were  studied 
using the receptances  at  the grid of joints between beams.  The behaviour of the 
global  structure  made  of rigidly  jointed  beams  was  predicted  from  Green's 
functions of the individual uncoupled beams. This approach has some advantages, 
for example, local damping can be used for the corresponding substructure and the 
finite element method can be used. However, difficulties in the convergence of  the 
Green's function can require the inclusion of  a large number of  modes. 
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1.4 Mid-frequency methods 
In the mid-frequency region the low frequency characteristics and methods have 
increasing  uncertainties  whilst  an  SEA  response  calculation  is  not  strictly 
applicable. This can be due to strong coupling, the presence of global modes or a 
small  number of modes.  A  particular problem  arises  in  structures  containing  a 
mixture  of stiff  and  flexible  elements.  The  stiff elements  may  exhibit  'low 
frequency' behaviour up to quite high frequencies whereas the flexible components 
may have  'high  frequency'  behaviour  from  quite  low  frequencies.  Thus  such 
structures  have  a  very broad  mid-frequency region  where  neither conventional 
approach is satisfactory. 
There  has  been  much  effort  to  overcome  the  limitations  and  to  find  suitable 
methods for this region and some of  these previous studies are described here. 
1.4.1 eMS-based method 
Some efforts have  been made to  extend the  frequency region of interest for FE 
models.  Mace  and  Shorter [35]  used  FE  to  find  energy-related quantities.  This 
involved using a global modal decomposition and a reordering of the subsequent 
numerical  calculation.  For frequency-averaged  response  quantities  and  spatially 
independent excitation such as 'rain-on-the-roof', cost-reduced integral forms were 
presented as  only a  few  terms  including global  modal receptance are  frequency 
dependent.  There  is  further  benefit  for  a  lightly  damped  system  and  with  an 
excitation force of known power spectral density. It was shown that significantly 
fewer  component  modal  degrees  of freedom  based  on  the  component  mode 
synthesis  (eMS)  approach  [63]  were  required  and  hence  less  computation  is 
involved. 
eMS was originally developed to reduce the number of  degrees of freedom (DOF) 
in FE analysis and models [3]. The most general method among the eMS is known 
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as  a Craig-Bampton method [63].  In CMS, the response of a system is  found  in 
terms  of the  modal  degrees  of  freedom  (DOF)  of  the  subsystems  (called 
components). Different CMS approaches exist where the modes of the subsystems 
are calculated either with free or fixed interface conditions at their boundaries. In 
addition to these modes, additional 'constraint modes' are introduced to allow for 
interface motion. The overall model is then transformed in terms of  the modal and 
boundary degrees of freedom, significantly smaller in size than the original number 
of DOFs. Very good convergence can be obtained for a reasonably small number 
of  component modes. 
The Craig-Bampton method was  adapted by Castanier et  al [36]  to  give  a more 
efficient numerical analysis based on FE. In conventional eMS methods if the FE 
mesh is  fine,  the  size of the  CMS  model  increases  as  the number of constraint 
mode degrees of  freedom increases. The size of  the CMS model can be reduced by 
performing  an  eigenvalue  analysis  on  the  constraint  mode  partitions.  So-called 
characteristic constraint modes were produced, which represent the characteristic 
motion  of the  interface  boundary  between  substructures.  Thus,  the  technique 
involves  a  secondary modal  analysis.  A  refinement  of the finite  element  mesh 
would  increase  the  accuracy  without  requiring  an  increase  in  the  size  of a 
numerical  model  consisting  of  the  characteristic  constraint  modes.  The 
characteristic constraint modes provide the principal modes of  deformation for the 
coupling interface.  Thus, this technique presents important physical insight into 
the  energy  transmission  between  substructures,  in  which  the  characteristic 
constraint modes may be suitable for the efficient calculation of power flow  in a 
complex structure, due to the compact representation ofthe interface motion. 
This  enhanced  CMS  technique  was  thus  used  for  predicting  the  power  flow 
statistics due to uncertainties [37]. The outward power flow from a subsystem was 
formulated in terms of the characteristic constraint modes.  The uncertainties were 
incorporated into the subsystem by assuming that a group of component modes is 
associated with a random variable with uniform distribution.  The technique was 
used on a complex tracked vehicle. The statistical treatment provides efficient and 
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accurate modelling of parameter uncertainties, which is critical for mid-frequency 
vibration analysis. 
A  local modal/perturbational method was  introduced by Mace and  Shorter [38], 
which  enables  the  statistics  of the  FRF  to  be  predicted  for  a  system  whose 
properties are uncertain.  The global modes of the baseline system were found in 
terms of all of subsystem modes using fixed  interface component modes.  It was 
assumed that the uncertainty exists in the local mode properties of the subsystem, 
not  in physical properties  of the  original  system.  Thus,  here the  ensemble  was 
defined in terms of  the component modal properties such as the mass and stiffness 
matrix in the component modal equations. Correspondingly, each member system 
in the ensemble was defined by its  eigenvalues. A linear perturbation was found 
which relates  small  changes  in the  local  mode properties  to  those in the  global 
mode properties. A Monte Carlo simulation was used to estimate the FRF statistics. 
Two spring-coupled rods were considered as the numerical example. 
Soize and Mziou [39] suggested an alternative approach in dynamic sub structuring 
for numerical calculation of complex structures in the mid-frequency range.  This 
was also based on the Craig-Bampton decomposition. For a  damped substructure 
with fixed coupling interface, the eigenfunctions of the kinetic energy in a certain 
frequency bandwidth in the mid-frequency region were found from the eigenvalue 
problem. It was shown that the eigenvalues of  the substructure rapidly decrease for 
the present case.  Then,  only a few  larger eigenvalues were used to  construct the 
reduced matrix model of each substructure.  The extension of the method seems 
promising as the matrix reduction can be applied to any boundary condition on the 
coupling interface. However, how the mid-frequency region and a corresponding 
bandwidth can be defined, especially in terms of  obtaining such eigenvalues, is not 
clear. 
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The  first  type  of impedance  is  independent  of the  spatial  variable  along  the 
common boundary (  or interface) between the master and the fuzzy systems.  The 
parameters  of  simple  oscillators  were  modelled  by  random  variables  and 
consequently a random family of oscillators was generated probabilistically.  The 
mechanical parameters, which are the mass and damping and modal density of  the 
fuzzy part, were modelled by mutually independent random variables. A parameter 
was introduced to control the distribution of  these mechanical parameters. 
The second type of  impedance can be described as an impedance dependent on the 
spatial  variable  along  the  interface.  It was  modelled by a  mass  attached  to  the 
boundary via a set of oscillators,  each of which has  absolute displacement  (so-
called spatial memory). It comprises the equivalent coupling loss factor as well as 
the mechanical random parameters mentioned above. 
Then, the second fuzzy impedance proposed in [42]  was used to model the fuzzy 
substructures  attached  to  the  master  system  through  a  continuous  common 
boundary (junction) [45].  A system was investigated consisting of six rectangular 
plates, four of  which are coupled perpendicularly to two coplanar plates. The fuzzy 
theory  gives  the  simpler  boundary  value  problem  related  to  the  master  plate 
attached to the fuzzy substructures. Thus, the impedance of  the boundary junction 
was described in terms of the fuzzy impedance. The variables are mass, damping, 
modal  density  and  equivalent  coupling  factor.  The  mean  response  function 
calculated by the fuzzy theory gave a good estimation. Some important problems 
remain such as fitting the fuzzy parameters upon real structures and the choice of 
the probability density distribution for the fuzzy parameters [45]. 
Strasberg  and  Feit  [46]  derived  a  simple  expression  for  the  vibration  damping 
induced  by a  multitude  of small  sprung  masses  without  using  a  probabilistic 
approach and applied this to  a simple structure consisting of a beam and a plate. 
From  these  studies  it  is  observed  that  the  fuzzy  structure  behaves  mainly  as 
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damping to the master structure and the level of the damping is independent of  the 
dissipation factor of  the attachments. 
In  practice,  because  a  structure  is  divided  into  a  master  structure  and  a  fuzzy 
structure, application is limited to relatively simple structures or structures with a 
clear division between master and fuzzy components. 
1.4.4 Power mode and mode-based approaches 
Ji  et  al  [47]  proposed  a  power mode  approach  in which  the vibrational  power 
transmitted to a receiver, such as a flexible plate, by N discrete point forces, can be 
considered  as  that  transmitted  by N  independent  force  contributions  involving 
eigenvectors and eigenvalues that are found from the receiver mobility matrix. The 
initial idea was originally suggested by Jianxin et al  [65]  in which the bound of 
power  transmission  can  be  simply  defined  using  the  characteristics  of the 
eigenvalues. The power mode approach provides the lower and upper bounds ofthe 
power  transmitted  to  the  plate  using  the  mean  and  standard  deviation  of the 
eigenvalues. This showed the approximate power transmission can be found simply 
when  the  wavelength  of the  plate  is  very  short  and  the  correlation  between 
individual excitations can be neglected. Thus, this showed possible application to 
mid and high frequency analyses where the plate is regarded as a flexible receiver 
system coupled to a stiff system. 
The power mode approach was extended to a built-up structure consisting of a stiff 
beam (source) and a flexible plate (receiver) connected through a discrete coupling 
[48].  Approximate  upper  and  lower  bounds  of power transmission  were  again 
found. The range between them is closely related to the mobility mismatch between 
the source and the receiver. A larger mismatch, corresponding to a stiffer source 
compared with the receiver, results in a narrower range. If the receiver structure is 
much more flexible  than the source,  the approximate power transmission can be 
given simply, incorporating the mobilities of the uncoupled source and receiver. 
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overlap and the main effect of the local modes is to add damping and an effective 
mass to the global modes, which can be referred to as a fuzzy structure. Then, the 
long  wavelength  component  is  modelled  deterministically,  while  the  short 
wavelength  component  is  modelled  using  SEA  so  that  each subsystem  can be 
assigned a single degree of freedom corresponding to the vibrational energy of  the 
local modes. An example for a simple rod system was presented in [50]  and it was 
shown that the method can be used to predict the dynamic behaviour in low and 
high  frequency  regions.  However,  application  to  other  systems  is  not 
straightforward. 
A hybrid method incorporating both FE and SEA in a different way was proposed 
recently by Langley and Shorter [51], where separate direct and reverberant fields 
are introduced. An advantage of this method is that a conventional FE model can 
readily be  used.  All degrees of freedom of the FE model  are divided into those 
associated  with  SEA  subsystems  (e.g.  flexural  motion  with  short  wavelength) 
except at  subsystem boundaries and those of the deterministic part (e.g.  in-plane 
motion with long wavelength).  Then,  a direct field dynamic stiffness matrix that 
will be coupled to the FE model is constructed for each subsystem in terms of the 
subsystem  boundary  degrees  of freedom.  The  forces  arising  from  the  SEA 
subsystem are separated into those producing a direct field  and those producing a 
reverberant  field.  The  response  is  found  from  equations  coupling FE  and  SEA 
methodologies.  As  FE  is  not  used  to  calculate  the  short  wave response  of the 
subsystems, computation time significantly reduces. A beam framework with three 
plates was investigated. The response due to a point force  shows good agreement 
between the hybrid method  and  Monte  Carlo  simulation  based on a FE  model. 
Further study for the extension ofthe hybrid method is in progress. 
The theoretical development of a hybrid finite element method was introduced by 
Vlahopoulos  and  Zhao  [52,  53].  This  combines  the  conventional finite  element 
method (FEM) with the Energy Finite Element Method (EFEM, see section 1.3.3) 
to  achieve  a  numerical  solution  to  mid-frequency  vibrations.  So-called  'long 
members'  and  'short  members'  were  defined.  The  long  members  that  contain 
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wavelengths shorter than the corresponding system were modelled by the EFEM. 
The short members that contain wavelengths longer than the corresponding system 
were modelled by conventional FE. Uncertainties are imposed on the long member 
by using different lengths. The primary concept of this hybrid method is to  utilise 
low-frequency  models  (FEM)  for  deriving  energy  information  for  the  short 
members and to integrate them with EFEM. Thus, this method involves two sets of 
data. The first set comprises power transfer coefficients for each EFEM members at 
a joint (with a  short member).  The  second comprises  relationships between the 
primary variable of  the EFEM model at a joint and the primary variables of  the FE 
model at the same joint. 
The  method  was  applied  to  coaxially coupled  beam  systems  [52]  and  systems 
consisting of two or three beams connected at an arbitrary angle [53]. In the latter 
case the member possessing the bending wave was considered as  a long member 
whilst the longitudinal wave member was considered as a short member. Although 
applications are  limited to  simple structures of beams,  the method showed good 
agreement  with  the  analytical  solution  in  the  mid-frequency  region  where  the 
EFEM  results  are  inaccurate  as  the  resonant  effects  of the  short  members  are 
important to the overall behaviour. 
The wave approach  for  the  investigation of a structure  consisting of a so-called 
spine and  receiver,  introduced by Grice and Pinnington  [41], was extended to  a 
hybrid  method  [54]  where  the  plate  is  modelled  as  a  number  of plate  strip 
impedances. Meanwhile, a finite element method was used for modelling the beam. 
The hybrid approach was used to calculate the response oftwo different plate-beam 
systems, with a rectangular plate and a trapezoidal plate, and good agreement with 
measurements  was  shown.  This  hybrid  method  was  then  extended  to  a  box 
structure [55], in which the finite element method was used to predict a long-wave 
response  and  analytical  impedances  were  considered  to  calculate  short  flexural 
waves. This method seems useful for the simple structure combination considered, 
but it has  yet to  be extended to  a more  general  approach to  deal with practical 
structures. 
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Savin [67] showed an experimental study ofa three-dimensional complex structure, 
consisting of beams and plates. He proposed that the medium frequency range is 
the range where the modal density exhibits important variations from one band to 
another and vibration of a complex structure at these frequencies is characterised 
by the superposition of some global modes and local modes. He pointed out that 
local  modes  are  not necessarily modes  having high natural  frequencies  but  can 
exist even at relatively low frequencies with high modal densities, for example in a 
three-dimensional truss structure. 
1.5 Analysis of four-beam coupled structures 
The most important structure considered in the present study consists of  four beams 
and  a  rectangular  plate.  There  are  some  published  studies  on  such  a  framed 
structure.  Takabatake and Nagareda [68]  studied the framed  structure, where the 
behaviour of  the plate was the primary focus. The plate supported with edge beams 
was  replaced by a plate with edges  elastically restrained  against translation and 
rotation.  Using  relationships  between  these  different  boundary  conditions,  the 
shape  functions  in  the  plate  use  the  beam  shape  functions  corresponding  to 
supports  with  equivalent  translational  and  torsional  stiffuess.  The  closed  form 
approximate solutions for static and dynamic problems of a rectangular plate with 
edge beams were developed using the Galerkin method, in which the mass effect of 
the beam was neglected. 
The static and dynamic characteristics of a rectangular plate with edge beams were 
evaluated using a Ritz  vector approach by Yang and Gupta [69].  The effect of 
elastic edge restraints was accounted for by including appropriate integrals for the 
beams in the expressions for the total kinetic and potential energies, although the 
procedure  to  develop  the  modal  mass  and  modal  stiffuess  was  not  clearly 
explained. The various types of boundary conditions at the beams were considered 
by the  corresponding Ritz  vectors.  The  contribution of beam mass  to  the  total 
kinetic energy was also considered. 
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Various  analytical  methods  proposed  for  mid-frequency  analysis  have  been 
reviewed. As seen and discussed, their applications are generally placed on simple 
academic  systems  for  example,  one-dimensional  systems  [38,  52]  and  a  single 
beam and plate  [41,  46,  54,  56].  A  more complicated system such as  a framed 
structure was only studied in terms of a fundamental dynamic behaviour [68, 69]. 
For other analytical research concerning the mid-frequency region,  it  seems that 
further study is  necessary for more general applications  [39, 45, 50].  Thus, such 
evaluation  provides  the  motivation  of  the  present  research  and  a  more 
straightforward  and  practical  approach  is  sought  for  a  complex  industrial 
application. 
1.6 Aims and scope of thesis 
An objective of this thesis is,  therefore,  to  consider another possibility for  mid-
frequency  analysis  of more  complicated  structures,  in  particular two-beam  and 
four-beam coupled systems, which might increase the applicability of  the technique 
for  practical  industrial  application.  Typically  such  systems  are  principal 
components in an automotive vehicle, aircraft fuselage, ship hull etc. 
As  presented in  section  1.5,  there  are  few  previous  studies that deal  with such 
systems consisting of two beams or four beams coupled to a rectangular plate. The 
closest  example  may be  the  study by Grice  and  Pinnington in which a  hybrid 
technique  incorporating  FEM  and  an  analytical  impedance  based  on  the  wave 
approach was used to analyse a box structure [55]. 
It should be noted  that,  as  the  mid-frequency region was defined as  the region 
where neither deterministic nor statistical methods can be used reliably. This region 
is  dependent on the structural system under investigation.  For example, the mid-
frequency regions  for a beam having a  large  second moment of area and a thin 
flexible plate would be different. When coupled together, the mid-frequency region 
ofthe combined structure can be very broad. 
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Some researchers have defined the low frequency region as where a deterministic 
method  is  suitable,  and  the  high  frequency  region  as  suitable  for  a  statistical 
method.  Then,  the mid-frequency region  can be defined  as the  frequency range 
where  some  of the  components  of a  system  are  suitable  for  the  deterministic 
method while other members are suitable for the statistical method in this thesis. 
The mid-frequency region can be considered as the range where stiff beams show 
low frequency behaviour while flexible plates show high frequency behaviour. 
Such a system consisting of  beams and plates is a most practical industrial structure 
and thus although still idealised it is expected that the present research will be very 
applicable. Figure 1.3 shows an automotive body-in-white [8J. One can find such a 
beam-plate  system  is  widely  present  in  the  vehicle  body,  for  example  as 
highlighted by circles indicating the roof, floor and parcel shelf. 
Figure  1.3  A  typical  automotive  body-in-white  [8].  The  circles  indicate  structures 
consisting of  two or four stiff beams coupled to a flexible plate. 
The main aim of the thesis is to develop analytical methods that can be applied to 
the  mid-frequency  region  of coupled  beam  /  plate  structures.  The  emphasis  is 
placed on structures consisting of  several beams and a rectangular plate as well as a 
simple beam and plate system previously studied by other researchers [41, 46, 54, 
56J. Such analysis provides insight into the dynamic behaviour of  coupled systems 
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of beams  and  plates  that  is  often  difficult  to  obtain  from  numerical  methods. 
Although no application is considered here of an engineering structure such as the 
automotive body-in-white shown in Figure 1.3, it is expected that the study can be 
utilised as a basis for mid-frequency analysis of  such structures. 
Both exact  and  approximate methods will be considered to obtain the  dynarnic 
response of such coupled systems.  The exact methods are a mode-based method 
and a Fourier transform technique. These will provide exact solutions that can be 
used for benchmarking purposes but will be limited to  specific sets of boundary 
conditions.  An approximate wave method is then considered which allows much 
greater flexibility in terms of  geometry and boundary conditions. 
The analytical models to  describe the motion of two beams coupled to  a plate are 
developed  using both the  Fourier transform  technique  and a  wave  approach.  A 
modal method and the wave method are used to model the framed four-bearn-plate 
system.  The wave methods are  approximate but practically suitable for  the mid-
frequency analysis. It should be noted that the modelling techniques for the two-
beam system and the four-beam system introduced later are different although they 
are based on a similar wave approach. Thus, they may be separately mentioned as 
the  symmetric-antisymmetric wave model  and  the  plate-decoupled wave model. 
The conventional wave method [41] is enhanced for this purpose. 
The novelty of  this thesis can be summarised as follows. 
(i) Introduction of sliding boundary conditions on the plate edges and beam ends: 
this allows both an external excitation on an arbitrary location and a simplification 
for analyses based on the modal and Fourier methods. 
(ii) The damping and mass effect of  the plate on the coupled beam is identified in 
the wavenumber domain. 
(iii) Enhancement of the wave method: Muller's method is utilised for obtaining 
complex  roots  of a  dispersion  wave  equation,  which  does not converge  in the 
conventional wave method based on a simple iteration. 
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(iv) Identification of a plate impedance corresponding to  a beam nearfield wave in 
the wave model:  it is  found that this plate impedance has the same form  as  that 
corresponding to a travelling wave, but different values. 
(v)  Application of a symmetric and  anti-symmetric technique in the beam-plate-
beam system: this is commonly used, for example, in FE, but is introduced here in 
the wave model and can be realised by simply changing the reflection coefficient in 
the plate impedance equation. 
(vi) Representation of the framed system by introducing four decoupled plates in 
the wave model:  the  four beams surrounding the rectangular plate are  described 
using four separate plates, each of them being coupled to the corresponding beam. 
The power investigation shows that this is  a reasonable representation, although a 
difference is found for the beam furthest from the excitation point due to the lack of 
the physical connection by the plate. 
(vii) Experimental verification of wavenumbers in the beam-plate-beam system: it 
is  found  that  wavenumbers  of the  rectangular  plate  in  the beam  direction  are 
dominated by the stiffbeam wavenumber. 
(viii) Limitations of the wave method are found:  it is found that the wave method 
provides only approximate results of the power transfer and dissipated power of 
subsystems.  Also,  if the  wave  model  is  based  on  separate  plate  impedances 
corresponding to  the  travelling  and  nearfield  waves  in  the beam a  violation of 
energy conservation occurs. 
Throughout this thesis,  it is  assumed that the beams are  infinitely stiff to  torsion 
and a plate is rigidly attached to the beams. Consequently, the corresponding edges 
of the plate are in sliding. Such a boundary condition can also approximate a real 
structure such as  a beam-ribbed floor structure (e.g.  the structure shown in [31]) 
where several parallel beams are attached to  a flat plate, as the presence of a plate 
on both sides of  a beam introduces structural symmetry. 
The beams are modelled based on Euler-Bernoulli beam theory and an isotropic 
plate [70]  is  assumed throughout in this thesis.  As  this  study concerns the mid-
frequency region of a coupled beam-plate system and in-plane motion in the plate 
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and beam occurs at relatively higher frequencies [50], only flexural motion for both 
the beam and plate is taken into account. 
The chapters are arranged as follows. 
As  an  introductory step  before dealing with the complicated systems,  Chapter 2 
introduces  a  simpler system  consisting of a  single beam  and  a  plate.  A  modal 
method is introduced which will be used as a reference model for comparison with 
approximate methods developed later. Using sliding boundary conditions one can 
greatly simplify the  analysis of a single beam coupled  to  a  rectangular plate by 
ensuring  that  the  mode  shapes  of the  beam  and  plate  match.  Simple  analytical 
expressions are available for the mode shapes, which are separable solutions for the 
plate in the two coordinate directions. Use of the sliding boundary condition also 
allows point forces  to  be placed at  the edges,  which is  not possible with simple 
supports. The convergence of the modal method is studied and, for modes in the 
direction parallel to the beam, is found to depend on the wavenumbers in the stiffer 
beam rather than the more flexible plate. 
In Chapter 3 a Fourier approach is used to  study the same system. The mass and 
damping  effect  of the  coupled plate  is  shown in  the  wavenumber domain.  The 
range of integration required for a specified accuracy is established in terms of  the 
wavenumber ofthe beam. 
Chapter  4  presents  and  discusses  an  approximate  wave  method.  Approximate 
solutions for the wave motion and forced response are obtained by modelling the 
stiff structure using a wave approach in which the wavenumber is modified by the 
local impedance of the flexible structure. To estimate the wavenumbers at certain 
frequencies Muller's method is introduced to give improved convergence. Solving 
separately for the propagating and nearfield wavenumbers of  the coupled system, it 
is  found  that  a  non-physical  system  is  created  in  which  power balance  is  not 
respected. This can largely be overcome by using the same wavenumber for both 
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waves.  In  such  a  case,  it  is  found  that  the  power dissipated in the  plate  is  an 
underestimate due to the approximations ofthe wave method. 
Chapter 5 extends the analysis to a coupled system consisting of  two parallel beams 
and a rectangular plate. The Fourier method discussed in Chapter 3 is used for such 
a  system,  and  can  analyse  the  system  irrespective  of whether  the  beams  are 
identical  or not.  A  symmetric-anti-symmetric  technique  is  used  to  simplify the 
analysis for the wave method.  Consequently, the wave method is here limited to 
identical parallel beams. From the power balance investigation it is shown that the 
wave  method  gives  only  approximate  results  of the  power  transfer  and  the 
dissipated power. Nevertheless, the difference seems mostly small and the validity 
of  the wave method is presented. 
Chapter 6 is  concerned with a more complex coupled  system consisting of four 
beams  and  a  rectangular  plate.  The  modal  method  introduced  in  Chapter  2  is 
extended to  cover such a system and provides an exact  response for  the  present 
(sliding) boundary conditions. For a framework of  beams surrounding the plate, an 
approximate wave model is presented as a set of  connected beams each loaded with 
an independent plate. This allows non-identical beams in the modelling. Use of a 
semi-infinite plate loading the beam framework is  also  considered but shown to 
lead  to  an  over-estimate  of the  damping  in  the  system.  However,  the  actual 
boundary conditions used at the far side of the plate are shown not to be important 
for the frequency-averaged response. 
In Chapter 7 experimental work is presented concentrating on two-beam and four-
beam plate coupled systems. Experimental validation is shown for the power flow 
calculation based on the wave method, even though the boundary conditions differ 
from  those  in  the  numerical  model.  This  shows  the  usefulness  of the  sliding 
boundary  conditions  used  in  the  model.  A  comparison  using  the  energy  ratio 
between subsystems also shows the validity of the numerical methods, especially 
the wave method,  although wave models only provide an approximate response. 
From  measurements  with  a  scanning  laser  vibrometer  and  using  wavenumber 
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estimation  techniques,  the  wavenumbers  in  a  coupled  beam-plate  structure  are 
shown to  be dominated by the  stiff beam system in the  direction parallel to  the 
beam, as  expected and predicted theoretically.  This is  important in justifying the 
use of  the wave method. 
The conclusions are summarised and  the related important results  are  integrated 
into  Chapter  8.  Future  studies  that  could  be  extensions  of this  work  are  also 
discussed. 
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CHAPTER 2 
MODAL METHOD FOR COUPLED STRUCTURES 
2.1 Introduction 
As reviewed in the previous chapter, there are a number of  analytical and numerical 
approaches that have been developed to analyse the behaviour of  coupled structures 
consisting  of stiff and  flexible  components,  such  as  beams and  plates.  In later 
chapters of this thesis, approaches such as a wave method and a Fourier transform 
technique  will  be  developed  and  applied  to  such  structures.  Before  introducing 
these more novel approaches, a brief overview of a modal method will be given, 
which is  widely used in many texts to  describe the motion of a simple beam or 
plate.  This  provides an excellent analytical benchmark and also  highlights  some 
important dynamic characteristics when applied to simple structures. 
A mode-based method,  in  which the dynamic  response of a  coupled structure is 
described  in terms  of the  mode  shape  functions  of the  components,  is  given in 
many texts [71-73]. In this chapter a coupled structure comprising a single beam 
and  a single plate is  considered, with a relatively straightforward extension to  a 
structure containing several beams given in later chapters. 
Although  various kinds of boundary conditions  for  the  ends of a beam and  the 
edges of  a plate can be used, sliding boundary conditions have been considered for 
the beam and plate here. There are several reasons for choosing sliding conditions. 
Firstly, this  gives exact analytical mode shape functions  and natural frequencies. 
Secondly the complexity of  the analysis can be significantly reduced. Third, unlike 
simple supports, a point force can still be applied to the plate edges. In principle the 
modal approach is valid for arbitrary boundary conditions and it is not a necessary 
condition that both structural components, in this  case the beam and plate, have 
identical  mode  shapes.  It  is  sufficient  only  to  enforce  the  equilibrium  and 
continuity  conditions  at  the  junction  or  interface  of the  individual  structural 
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Figure 2.6.  Error distribution in terms of the  one-third octave band average based on the 
modal method. Centre frequency of 1 kHz. 
Clearly, using more modes results in a more accurate response prediction. It is also 
clear  that  the  response  at  higher  frequencies  needs  more  modes  for  a  given 
accuracy than at  lower frequencies. Thus,  it is  necessary to choose a maximum 
mode number to be used for a practical application, which is also dependent on the 
frequency range of  interest. Accordingly, a physical quantity that is less dependent 
on  the  frequency  range  needs  to  be  introduced  rather  than  a  maximum  mode 
number. 
A contour plot of the mean errors shown in Figure 2.6 is given in Figure 2.7 in 
terms  of the  non-dimensional wavenumbers r  p,x  and r  p,y '  The thick black line 
indicates a mean error of about -20 dB  (about 1.0 %) in the corresponding one-
third octave band. 
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In  the  convergence  study,  it  was  shown  that  the  behaviour  of the  flexible 
rectangular plate in the direction parallel to the stiffer beam is mostly governed by 
the stiff beam. The response in that direction also requires fewer modes in order to 
represent the behaviour well. This important result has implications for the wave 
method considered in later chapters. 
The mode-based method  could be extended to  the  more  general case using the 
uncoupled modes of the separate beam and plate. The modes could be numerical 
rather  than  analytical  and  need  not  be  for  the  same  boundary  conditions  or 
expressible as separate functions in the orthogonal directions [49]. 
57 Chapter 3. A Fourier technique for structures with constant geometry in one direction 
the point mobility of the infinite beam coupled to  the semi-infinite plate.  Figure 
3.14 shows good agreement in both the amplitude and phase of  the point mobilities 
for the two methods (the two lines are indistingushable). Maximum differences of 
0.1%  and  1.2 xl0-
4  radian  respectively  are  found  at  5.6  Hz,  due  to  different 
integration methods used. 
Finally, the effect of the plate on the beam is investigated by comparing the point 
mobility and the corresponding phase ofthe coupled beam and the uncoupled beam. 
The  Fourier  transform  method  is  used  for  this  where  the  non-dimensional 
wavenumber range r = -15  to  +  15  is  used.  The  corresponding results  are  also 
shown in Figure 3.14. It can be seen that the mobility level of  the coupled beam is 
lower than that of the uncoupled beam because of the mass effect of the plate. As 
explained in section 3.2.3 the effective mass of the plate corresponds to a width of 
about one-sixth of the plate wavelength at  the corresponding frequency.  Thus, it 
can  be  seen that  its  effect  reduces  with  increasing  frequency.  Also,  due  to  the 
damping effect of the plate the phase lag increases with increasing frequency, the 
phase of the uncoupled beam being -1[/4. For reference, the point mobility of  the 
uncoupled  plate  is  also  shown  in  the  same  figure,  which  is  calculated  by 
1/(  4~Dpm;) for excitation at a sliding edge. It forms a low frequency asymptote 
to  the  mobility of the  coupled  system,  although  the beam mass of the  coupled 
system results in difference in the level. 
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3.5 Conclusions 
In  this  chapter,  the  Fourier transfonn  and  Fourier  series  methods  are  used  to 
analyse the structural behaviour of a coupled beam-plate structure and numerical 
results are presented and compared with FE analysis. 
Firstly, the Fourier transfonned motion of the infinite coupled beam is  developed 
when an infinite plate is  attached to  the beam. From the coupled equations of the 
motion,  the  influence of the plate on the beam is  identified in the wavenumber 
domain. The damping effect as well as the mass effect of  the plate is identified and 
explained.  It has been shown that the mass  effect becomes smaller as  frequency 
increases;  the  added mass is  that within  116  of a plate wavelength of the beam. 
Also,  comparing  the  response  of the  coupled  beam  obtained  using  the  Fourier 
transfonn,  it  has  been  highlighted  that  the  effective  damping  due  to  the  plate 
decreases as  frequency increases. These phenomena observed here will provide a 
good reference case in the development of a wave method later incorporating a 
plate impedance model. 
A consistent rule for truncating the sufficiently low level response with respect to 
the  maximum  response  is  used  in  evaluating  the  Fourier  integral.  Using  non-
dimensional wavenumbers in  the range ±  15, the response  is truncated  at  40 dB 
below the maximum and the result is accurate to within 0.01 %. 
To  obtain the response of a coupled finite beam and finite width plate, a Fourier 
series  method  has  been  developed  and  implemented.  Then,  the  corresponding 
numerical  analysis  was  perfonned based  on the  wavenumber range  mentioned 
above. Comparing the numerical results with those of FEM, very good agreement 
is found. 
The developments of the Fourier approach in this chapter can be extended to any 
system which has a constant cross-section, for example for the analysis of a beam-
plate-beam structure. This will be considered further in Chapter 5. 
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CHAPTER 4 
APPROXIMATE WAVE METHOD FOR ANALYSIS OF 
STIFF ONE-DIMENSIONAL  STRUCTURE  COUPLED 
TO FLEXIBLE STRUCTURE 
4.1 Introduction 
In Chapters 2 and 3,  the dynamic characteristics of a coupled structure consisting 
of a beam and  a plate were investigated using a modal  approach and  a Fourier 
technique respectively.  For the  particular boundary conditions considered,  these 
numerical  results  can  be regarded  as  exact provided that  sufficient numbers  of 
modes or Fourier components are included. However, this generally requires large 
computer resources and computation time.  The wave approach proposed by Grice 
and Pinnington [41]  offers a more efficient although approximate method for the 
analysis of  such coupled systems. 
In addition, from the viewpoint that the present study concerns the mid frequency 
analysis,  coupling a stiff beam (long wavelength behaviour) and a flexible  plate 
(short  wavelength behaviour) by means of a wave approach and analysing their 
response  forms  an  important  aspect  of this  thesis.  In  later chapters,  the  wave 
method is applied and extended to more complicated systems such as  a two-beam 
and  four-beam systems.  First, the more basic system consisting of a single beam 
and a plate is discussed. 
The coupled structure considered in this chapter is basically similar to that of  Grice 
and Pinington [41]  although  a non-symmetrical configuration is  considered here 
with the beam on one edge of the plate, as in previous chapters. Also in [41], the 
travelling wavenumber of the coupled beam was calculated iteratively, and it was 
assumed that the nearfield wave in the coupled beam had the same wavenumber as 
the propagating wave.  In this  chapter, problems of convergence in the  iteration 
method used for the wavenumber estimation at some frequencies are addressed by 
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using  Muller's  method  [83].  Also,  the  nearfield  wavenumber  is  considered 
separately  in  the  coupled  beam.  The  resulting  coupled  nearfield  wavenumber 
displays differences from the travelling wavenumber originally determined, but it is 
shown that using these separate wavenumbers yield a non-physical model. 
The ends of  the beams are sliding as in previous chapters. However, this boundary 
condition can be simply changed for a different situation. 
Initially,  the  relationship  between the  coupled  beam wavenumber and  the  plate 
wavenumber  is  presented.  The  relationship  when  the  nearfield  wavenumber  is 
considered separately in the beam is also discussed in Appendix A. The numerical 
analysis is presented for a pinned condition on the opposite edge of the plate as in 
the  previous  chapter.  This  is  based on the  numerical  evaluation using  Muller's 
method.  In  Appendix  B  the  influence  of the  iteration  method on  the  result  is 
reviewed and Muller's method is explained in more detail. The improvement to the 
results due to its application is shown. 
4.2 Infinite beam coupled to semi-infinite plate 
4.2.1 Undamped free wave motion 
A  coupled  structure  consisting  of infinite  systems  is  investigated  first.  The 
combined structure consists of  a stiffer beam component carrying long-wavelength 
flexural waves and a flexible plate component carrying short-wavelength flexural 
waves.  Figure 3.1  presented in Chapter 3 shows an  infinite beam coupled to  the 
edge of a semi-infinite plate. It is assumed that the ratio of these wavelengths is 
sufficiently large. It is known that the coupled structure can be analysed in terms of 
its dispersion relation [41]. It is assumed that the beam is  infinitely stiff to torsion 
along y = 0, as in previous chapters. 
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4.6 Conclusions 
The vibrational characteristics of  a structure consisting of a beam possessing small 
wavenumbers and a plate possessing large wavenumbers has been calculated by 
means of the wave method. The structure is non-symmetric unlike the symmetric 
structure considered by Grice and Pinnington [41]. 
The  general  relationship  between  the  coupled  beam  wavenumber and  the  plate 
wavenumber has been derived when the travelling and nearfield wavenumbers in 
the  coupled  beam  are  separately  considered,  and  the  corresponding  plate 
impedance has been explained.  This  shows that the impedance equation has the 
same fonn regardless of  vvave types but the numerical values for the impedance are 
changed.  Although  the  wavenumbers  are  basically  obtained  using  an  iteration 
method,  the  non-convergence  of the  wavenumber  in  the  iteration  procedure  at 
certain frequencies has been explained. As an alternative numerical approach, it has 
been shown that Muller's method can be applied to  obtain the complex coupled 
wavenumber based on the dispersion equation. 
The  wavenumbers  are  obtained  by assuming  a  plate  impedance  based  on  the 
travelling wavenumber in the beam.  This is  reasonable approximation where the 
motion of the beam is dominated by the travelling wave but gives poor results in 
frequency regions where both waves have a high decay. 
It was  shown that,  for  the present structure,  the  exact  line impedance could be 
replaced  by  a  simplified  approximate  impedance.  This  means  that  the  line 
impedance of the  plate  can be  considered  as  the  input  point impedance of the 
corresponding  beam  (thus  strip)  driven  by  a  point  force.  To  allow  such 
simplification in the wave method, the wavenumber of the free plate should be at 
least about twice as  large as  that of the coupled beam, which is satisfied for the 
case considered in this chapter for the frequency range considered. 
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It was  shown that the plate behaves like  added damping  as well as  mass  when 
coupled to the beam. The ratio of  the imaginary part to the real part of  the coupled 
wavenumber shows that the equivalent loss factor falls with increasing frequency, 
as shown by Heck1 [64]. The plate introduces a blocking effect to the beam. When 
the travelling wave is present in the beam, the equivalent loss factor of  the beam is 
maximum at the anti-resonance ofthe finite plate, and thus the mobility level of  the 
coupled structure is minimized. This is because the plate reduces the motion of  the 
beam at this frequency. 
The total input power injected to  the structure consisting of a finite beam and a 
finite  plate  was  compared  with  the  power transferred  to  the plate.  The  power 
transferred to the plate was obtained from the approximate impedance of the plate, 
which  behaves  like  separate  strips.  In  such  a  case,  it  seems  that  the  power 
dissipated  in the plate is  underestimated because of the  strip-like motion of the 
plate. From the ratio of  the power transferred to the plate to the total input power, it 
was seen that the greatest proportion of  power is transferred to the plate at specific 
frequencies which coincide with the anti-resonance frequencies of the plate.  This 
corresponds to the blocking effect. 
It should be noted that the results mentioned above are based on some assumptions. 
Firstly, coupled wavenumbers are calculated based on wavenumber trace matching 
which only strictly applies when structures have no damping. For application of  the 
wavenumber trace matching in damped structures, it is assumed that the loss factor 
of the  spine  is  very small  and  the spine  wavenumber is  much smaller than the 
receiver  wavenumber.  Secondly,  the  approximate  impedance  of the  plate  is 
adopted. This is satisfactory only when the free plate wavenumber is about twice as 
large as the coupled beam wavenumber. 
A violation of energy conservation occurs if the plate responses are calculated in 
terms of separate beam wave types, the beam wavenumbers also being calculated 
independently  from  the  corresponding  plate  impedances.  However  if  all 
wavenumbers  are  determined  from  the  same  impedance,  so  that  the  same 
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CHAPTERS 
TWO PARALLEL BEAMS COUPLED TO A PLATE 
5.1 Introduction 
The  various  methods  developed  in  the  previous  chapters  have been  applied  to 
obtain the response of  a coupled system consisting of  a single beam and a plate. An 
aim of this thesis is to deal with more complicated systems such as two beams or 
four beams coupled to a plate. As a step towards investigation of  a framed structure 
of  four beams surrounding a plate, the previous analyses are extended here to apply 
to a structure consisting oftwo identical beams connected by a rectangular plate. 
The Fourier method  developed  can readily be  extended  to  the case  where  two 
beams are attached to  a finite width plate, using continuity and force  equilibrium 
conditions. From the relevant equations it will be seen that this method can also be 
used where these beams are dissimilar. The limits required for convergence found 
previously in Chapter 3 are again used in this chapter. 
The applicability of  the wave method as an approximate method for a single beam-
plate coupled system was shown in Chapter 4. A further study is carried out here to 
find a wave solution for a symmetric beam-plate-beam system. By symmetry, this 
structure can be assembled from solutions of a plate of half the width attached to 
one beam for which the opposite edge of the plate parallel to the beam is  either 
pinned or sliding. The synthesis procedure is described and some numerical results 
are  shown.  In the  wave  approach,  the  wavenumbers  are  found  using  the  plate 
impedance corresponding to the travelling wave in the beam as this is expected to 
dominate the response. 
The results of  the Fourier method are firstly compared and validated against those 
obtained using the modal method extended from Chapter 2. Then, results based on 
the Fourier method and the wave method are presented and some comments are 
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Figure 5.11  shows the total input power, the power dissipated in beam 1 and the 
power transferred between the subsystems obtained using the wave method. Due to 
the  fact  that  response  of the  system  is  synthesised  using  two  different  plate 
impedances, the calculated power transferred to beam 3 and the power dissipated 
by the beam differ by up  to  35% (mean error of 0.4% for the whole frequency 
range considered). Nevertheless, these differences are still relatively small (at most 
1.3  dB  and 0.02 dB on average) so that the synthesis approach can be used with 
some caution. 
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Figure  5.11.  Total  input power to  the  symmetric  coupled structure as  in  Figure 5.2,  the 
power dissipated in beam 1 and the power transferred to the plate and to beam 3. 
Comparing this result with that for the Fourier method given in Figure 5.6, generally 
good  agreement  is  found  for the power input.  However,  as mentioned in section 
4.5.2, one can see that the power transfer from beam 1 to the plate tends to reduce, 
whilst the power dissipated in the beams seems to increase as expected. Thus, strictly 
it seems difficult to predict an exact level ofthe dissipated or transferred power using 
this  wave method.  However,  the  differences of the power transfer and the power 
dissipated in beam 1 are small compared with those based on the Fourier method and 
such a power investigation is still useful to  estimate the general power relationship 
between subsystems.  For example,  the result discussed in  section 5.2.3  that most 
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power is dissipated in the plate and there is still some power transmission from beam 
1 to beam 3 can also be found here from Figure 5.11. 
5.4 Conclusions 
In  this  chapter,  two  parallel  beams  coupled  to  a  rectangular plate were  studied 
using both the Fourier method and the wave method. As explained in Chapters 3 
and 4,  the latter is regarded as  an approximate method while the former produces 
an  exact  response.  Their  responses  were  examined  and  also  advantages  and 
disadvantages ofthe two methods were discussed. 
The  developments  of the  Fourier  approach  show  that  it  is  applicable  for  the 
analysis of a beam-plate-beam structure. The transfer mobility as well as the point 
mobility  show  very  good  agreement  with  those  from  the  modal  method.  The 
formulation developed can be applied to non-symmetric beam-plate-beam systems 
and results  for  this  will be examined in  connection with the experimental study 
later. 
The  wave  model  was  also  extended  to  a  beam-plate-beam  system.  Using  a 
combination of two single beam-plate models comprising pinned and sliding plate 
opposite  edges  respectively,  an  analysis  of the  symmetric  beam-plate-beam 
structure was synthesised when one of the beams is  excited. The response of the 
synthesized  model  shows  features  from  both  the  symmetric  and  antisymmetric 
response. Application of  this approach is possible for other arbitrary beam boundary 
conditions, which is not the case for the Fourier method. 
The wave method is  an approximate approach. However,  good agreement is  found 
between the mobilities of the symmetric beam-plate-beam system obtained with the 
present  method  and  those  from  the  Fourier  method.  The  power  balance  holds 
approximately, although the error (1.3  dB  at most) is larger than that of the Fourier 
method,  due to  the approximation and  the synthesis procedure. Strictly, the power 
transfer to  the plate  and  the  power dissipated in  the  beams differ from  the  exact 
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values due to  the approximations in the wave method. Nevertheless, such a power 
investigation  seems useful  to  give  an  insight of the  power relationship  between 
subsystems, as the difference is mostly small. 
The Fourier method provides an exact response as  long as a sufficient number of 
Fourier components is  included in the Fourier series.  The wave method is much 
more efficient, as its dispersion equation is based on only the free wavenumber of 
the subsystems. However, the approximation of  the plate impedance only results in 
an  approximate response compared with the Fourier method. A discussion of the 
computational time and computer resources required for the different methods will 
be presented at the end of Chapter 6 where a more complicated four-beam system 
is studied. 
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CHAPTER 6 
FULLY FRAMED STRUCTURE 
6.1 Introduction 
Several numerical methods have been used to  investigate the structural behaviour 
of  a coupled structure consisting of  beams and a plate. As well as a modal approach 
and a Fourier approach, a wave technique was introduced and applied to a structure 
consisting of  one or two parallel beams coupled to a rectangular plate in Chapters 4 
and 5. 
A fully framed structure consisting of  four beams surrounding a rectangular plate is 
an  important  concern  in  the  present  research,  as  it  is  a  principal  configuration 
considered in many engineering structures, e.g. automotive vehicles, ship hulls, etc. 
Although  the  numerical  approaches  developed  previously  have  produced  good 
results  for  the vibrational motion in  the  cases considered,  they have rarely been 
used for the analysis of  framed structures consisting of  four beams. 
It has been shown that the wave approach can be used to obtain an approximate 
response  of a beam-plate coupled  structure  as  long as  the  system consists  of a 
subsystem  (spine)  possessing  long  wavelength  waves  and  a  receiver  subsystem 
possessing  short  wavelength  waves.  Thus,  in  principle,  this  technique  can  be 
applied to give an approximate dynamic response for a fully framed structure. It is 
necessary to have an accurate result for comparison with this approximate wave-
based solution. Thus, in this chapter the modal method considered in Chapter 2 is 
applied to the framed structure. The accuracy of  this method is limited only by the 
number of  modes included in the series. 
There are a few published studies on a framed structure consisting of four beams 
and  a  plate  [68,  69]  (see  section  1.5).  Both  studies  quoted  concentrated  on 
predicting  the  plate behaviour,  rather than  that  of the  beam.  Also,  both papers 
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assumed that the motion of the ends of each beam is zero. From the point of view 
that the stiff  beams possessing the bending waves radiate short-wavelength bending 
waves into the plate, the behaviour of the beams is very important [41]. Therefore, 
the present study,  which considers the beam as  well as  the plate and  allows for 
excitation at the beam ends, differs from the studies described above. 
Grice and Pinnington considered a box structure and introduced a so-called spine 
and receiver [55] (see section 1.4.5). This concept is also considered in the present 
research.  However,  here  the  coupled  wavenumber,  representing  the  long 
wavelength  wave  including  the  effect  of the  plate  impedance,  is  obtained  to 
describe the motion instead of  using the finite element model. 
This chapter is divided into two main parts. Firstly the modal approach of Chapter 
2 is extended to the four-beam-plate system. The number of  modes that should be 
included in the calculation is  an  important issue in the mode-based analysis.  For 
this,  numerical results are  shown and compared with those based on the Fourier 
technique previously investigated in Chapter 5, although the structure consisting of 
only two beams is used as there is no result previously obtained for the four-beam 
structure. Then, the dynamic response of the four-beam structure using the modal 
method is compared with that of  the finite element method (FEM). 
In the second part, the procedure for obtaining an approximate response using the 
wave  technique  is  explained.  The  principal  equations,  such as  the  equation  of 
motion of a beam and the expression for the plate impedance, are emphasised and 
numerical  results  are  shown  for  comparison  of the  various  techniques.  The 
corresponding equations of motion,  based on the  wave  method for  a  four beam 
structure, are presented in Appendix D. 
Depending upon the problem and application, the detailed response at individual 
frequencies  is  important at  low frequencies.  However, with increasing frequency 
the band-averaged response and the variability about a mean value are much more 
important than narrow band results. The aim of the present study is related to the 
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dynamic characteristic in the mid and high frequency regions. Thus, results based 
on the wave method are mostly represented from this point of  view. For example, a 
result such as an octave band average or a confidence interval of a response is just 
as  applicable  and  useful  as  narrow-band  results.  Hence  such  results  are  also 
presented. 
The modal and  wave methods are applied to  a perspex plate l.Ox 0.75 m  with a 
thickness of 2 mm, surrounded by beams  22 x 6 mm.  As in previous sections the 
frequency range selected is 5.6 to 1412 Hz (one-third octave bands 6.3 to 1250 Hz). 
In this  range  each beam has  between 7 and  9 modes  so  that the  beams  can be 
considered to be in their "low frequency" range. The plate has a modal density of 
about 0.4 modes per Hz, so that its 10
th  mode occurs by about 23 Hz and about 500 
modes can be expected below 1412 Hz.  The modal overlap factor [12, 21]  of the 
plate is greater than unity above about 50 Hz. This, therefore, has "high frequency" 
behaviour over much of  the frequency range considered. 
6.2 A modal formulation for the coupled motion of a system of two 
or four beams attached to a plate 
6.2.1 A modal method for the framed structure 
The motion of a framed structure consisting of four beams and a rectangular plate, 
as shown in Figure 6.1, is investigated here. The modal method for a single beam 
coupled  to  a  rectangular  plate  involving  the  modal  coupling  technique  was 
presented in  Chapter 2.  Similarly,  for the  framed  structure,  its behaviour can be 
described  in  terms  of mode  shapes  and  the  coupling  based  on  the  modal 
coordinates of  the plate. 
The boundary conditions for the analysis of the framed structure as  in Figure 6.1 
are similar to those presented in Chapter 2.  The beams are assumed infinitely stiff 
to  torsion  and correspondingly all  edges of the plate are  assumed to  be sliding, 
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Figure 6.13. Point mobilities of  the coupled structure as in Figure 6.10 based on the wave 
method and the modal method (excitation atx =  0). 
6.4.2 Power investigation 
An investigation of the  power transfer in the  system is  important,  as  the  wave 
model is based on the assumption that most power is dissipated in the plate. Thus, 
first,  the power transferred  from  the  beams to  the  plate,  equal to  the dissipated 
power in the plate, is  investigated. For the wave method the power transferred is 
the sum over all four attached plates (similarly the plate energy is also found from 
the sum of  the energy of  each plate). 
Since the exact location of  resonance peaks is of  less interest than a frequency band 
average  result  in a mid-frequency analysis,  the  power transferred from  the four 
beams to  the plate based on the wave and modal methods is compared in terms of 
one-third octave band averages in Figure 6.14. Although it was expected that the 
result based on the wave method underestimates, in fact the average values of the 
two methods agree, especially at high frequencies. The differences below about 60 
Hz may occur because of  differences in global modes between the structure shown 
in Figure 6.10, assumed for the wave method, and the framed structure used in the 
modal method (Figure 6.1). Thus the assumptions used for the wave method do not 
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modal method are in reasonable agreement above about 50 Hz. This means that the 
fully  framed  structure as  in Figure 6.1,  can conveniently be analysed for power 
transfer estimates using the wave method in terms of a  mid-frequency analysis. 
However, it can be seen that the difference is large at low frequencies. This shows 
that  the  wave  model  is  not  appropriate  to  represent  the  motion of the  framed 
structure at these frequencies. 
Finally the power dissipated in each subsystem is investigated. It is expected that 
the dissipated power in each beam is small in comparison with the plate-dissipated 
power. Also,  it is  expected that the dissipated powers of each subsystem closely 
agree between the two methods. The corresponding result is shown in Figure 6.18, 
plate is larger than the others at least by 10 dB. Thus it can be said that most power 
is dissipated in the plate. It is interesting to compare the powers dissipated in beams 
1 and 4  with those  dissipated  in  beams  2  and  3.  Note  that the point force  was 
applied at the junction of  beams 1 and 4 so that the power is directly transmitted to 
beams 1 and 4.  However, the powers transferred from beam 1 to beam 2 and from 
beam 4 to beam 3 experience one junction, which may cause some power reflection. 
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1/3 octave band centre frequency (Hz) 
Figure 6.18.  Power dissipated in each subsystem in one-third octave bands for the four-
beam-plate system. Based on the modal method. 
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The powers shown in  Figure 6.18  are  then compared in  Figure 6.19  with those 
found from the wave model. Again, recall that the power transfer to the plate tends 
to  underestimate  and  the  power  dissipated  in  the  beam  tends  to  overestimate. 
Nevertheless, one can see that the levels are in quite good agreement above about 
50 Hz and it seems that such an error due to the approximation in the wave method 
is  negligible.  The  difference  mostly occurs  in beams 2  and 3.  Although it was 
assumed that most power is dissipated in the plate, some power may be transferred 
to  other beams  through  the  plate  in  the  framed  system.  However,  in  the  wave 
model  the  plate  does  not  physically  connect  the  beams  and thus,  such  power 
transferred through the plate cannot be described, which results in such a difference. 
Nevertheless, this difference is relatively small (at most about 5 dB). Consequently, 
it seems that using the assumption that the power transferred through the plate to 
other beams can be ignored still gives reasonably good results. 
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Figure 6.21. Octave band averages and 68 % confidence intervals of  the power transferred 
to the plate based on the modal method and the wave method. 
The numerical results indicate that the wave method is useful to obtain the response 
at mid and high frequencies. For example, the power transfer averaged in one-third 
octave bands is  almost the same as  that obtained using the modal method above 
about 50 Hz, even though it is  an  approximate result.  To  interpret this value of 
frequency, it may be noted that the stiff four-beam structure has only 4 resonance 
frequencies below 54 Hz (see Figure D.2). The plate has  almost 20 modes below 
50 Hz and the modal overlap is less than unity below about 50 Hz. Thus in this low 
frequency  region,  the  wave  method  is  no  longer  appropriate  as  a  coupling 
technique of  the spine and the receiver structures. 
6.4.4 Computation time and computer resources 
An important concern in practical applications is related to computer resources and 
calculation  time.  An example of a  calculation  time  comparison  for  the  framed 
structure  is  shown  in  Table  6.3.  The  Fourier method  was  used  for  two  beams 
coupled  to  a  rectangular  plate,  as  it  is  not  applicable  to  the  framed  system. 
Although  the  wave  method  can  predict  only approximate  responses,  it is  very 
advantageous  as  it  requires  far  less  computer  resources  and  time.  Also,  small 
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obtain an approximate response.  The results of the two  methods were compared 
and useful observations and comments given. 
The modal method was used to produce an analytical model of  the framed structure, 
the  corresponding generalised mass  and stiffuess matrices of which were  found. 
The  dependency  of the  response  on  the  number  of modes  included  in  the 
calculation was investigated and the maximum mode numbers chosen were used 
for  the  modal  model,  which  is  considered to  give  an  accurate response  for  the 
comparison with the wave model. 
Although the modal method gives an accurate result, details such as exact natural 
frequencies  are not of concern in the present study which deals with the mid and 
high  frequencies.  Thus  an  approximate  method  seems  appropriate  and  the 
analytical model based on the wave method for the dynamic response of  the framed 
structure  was presented.  The  statistical  responses  such  as  one-third octave band 
averages  and  a  confidence  interval  of the  power were  obtained as  well  as  the 
narrow band response. 
In comparison with the modal method it has been shown that the analytical wave 
model can conveniently be used for the estimation of  the vibrational response in the 
mid  and  high  frequency regions,  even though the power transfer and  dissipated 
power found based on the wave method only give an approximate result due to the 
inherent  limitations  of this  method.  For the present  framed  structure,  the  wave 
model gives good estimation above about 50 Hz.  Below this frequency band the 
four-beam  frame  has  only 4 modes  and the plate has  a modal overlap less  than 
unity. 
In the wave model, it is shown that the plate width and the boundary condition of 
the  plate  opposite  edges  are  not  very  critical  in  obtaining  the  average  power 
transfer in a certain wider frequency band. However, use of  the semi-infinite plates 
loading  the  beam  framework  leads  to  an  over-estimate  of the  damping  of the 
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framework,  although it allows a correct estimate of the power transferred to  the 
plate to be obtained. 
The calculation time of  the various methods was compared for the framed structure. 
The wave method offers  considerable advantage  over the  other methods  in  this 
respect although it provides an approximate response. 
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energies in various subsystems is  compared with that obtained from  the models. 
These results are expressed in terms of one-third octave band averages in order to 
assist comparisons where exact resonance frequencies do not match, and indeed are 
not of  direct interest. The details are explained in the corresponding sections. 
7.2 Experimental configurations 
7.2.1 Coupled system 
Each coupled system consists of a rectangular plate and two or four beams that are 
made of perspex.  In each case the plate has  a thickness of 2 rnm and dimensions 
1.0 x 0.75 m. Strips of  width 6 mm are fixed using a stiff glue above and below the 2 
mm plate  to  form  beams  which  are  symmetric  about  the  plate  centreline.  Four 
coupled structures denoted C 1 - C4 have been studied. The uncoupled plate is named 
C5.  The beam dimensions  for  the  different  structures  are  presented in  Table  7.1. 
These  dimensions  were  measured  using  a micrometer  at  three  locations  on  each 
beam.  The  averaged  dimensions  and  their  maximum  tolerances  are  shown.  The 
numbering of  the four beams corresponds to Figure 7.1. 
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7.3 Experimental procedure 
Two methods are used to  measure mobilities. One consists of using an instrumented 
impact hammer and accelerometers. However, for the coupled systems where a large 
grid of  points is required the use of  accelerometers would give excessive measurement 
times. Furthermore, accelerometers would add mass loading to the thin plate. Instead, a 
scanning laser vibrometer was used which enables many points to be measured with 
excitation being provided by a shaker. In this section, the experimental procedure for 
the coupled structures using the laser vibrometer will be presented. The configuration 
commonly used throughout all the experiments is described. Additional detail will be 
mentioned later, as necessary, in the corresponding sections. 
The  structure  to  be  measured  was  suspended  vertically  using nylon  cord  and  an 
electrodynamic exciter located near the bottom of the structure. The laser vibrometer 
was positioned to cover all the area of  the structure to be measured. The configuration 
is  shown schematically in Figure  7.3  including the  test  instruments.  Details of the 
instruments are listed in Table 7.3. Figure 7.4 shows a photograph of  the experimental 
configurations,  in  which  the  coupled  system  C3  is  suspended  and  the  exciter  is 
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Figure 7.3. Instrumentation used for the measurement using laser vibrometer. 
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7.6.4 System of two identical beams coupled to a plate: Fourier method 
The same system C1  is now investigated using the numerical model based on the 
Fourier transform technique. Note that in the Fourier method, both ends of  the two 
beams and the all edges of the plate are sliding.  Thus the boundary conditions of 
the beam ends and the two edges normal to the beams are different from  those in 
the  experiment.  The  numerical  model  based  on  the  Fourier  method  and  the 
experimental results are compared. The effect of the different boundary conditions 
may also be identified by comparing the numerical results of  the wave model from 
the previous section and the Fourier method. 
Firstly,  the  input powers are  compared in Figure 7.26.  Differences occur at  low 
frequencies because of differences in the boundary conditions. At high frequencies 
the effect of added mass can be seen as  explained in the previous section. In the 
mid-frequencies  between  50  and  500  Hz,  however,  they show reasonably good 
agreement. Comparing this with Figure 7.21  for the wave model, one can see that 
the differences  are  slightly greater,  which may be due to  the different boundary 
conditions (see below). 
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Figure  7.26.  Input  power  of the  two-beam-plate  system  Cl:  comparison  between  the 
Fourier method model and the experiment. 
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assumption in the wave  method.  That is,  the plate  in the wave model  does  not 
connect the two beams (beam 1 and beam 3) and thus the energy transfer through 
the plate between the two  beams cannot be realised in  such a model.  Thus,  this 
implies that,  in the  description of the  beam energy,  the  power flow  through the 
plate is mostly important to  the opposite beam (beam 3)  rather than to  the other 
beams. Note that the configuration considered here differs from the earlier chapter 
in that the force  is  located on one beam away from  a comer. For such a case it 
seems that the power flow through the beams experiences more power reflection, 
as there are always two comers between the forcing point and beam 3. 
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This appears to be due to the fact that the wave model does not physically connect 
these beams to  the excited beam through the plate.  Beams 2  and 3 are  13.3  mm 
high which is less than of beams 1 and 4 (24.1  mm). Power flow from the driven 
beam to the opposite beam 3, for example, appears to be dominated by power flow 
through the plate and the wave model cannot reproduce this effect.  This implies 
that the wave model gives better results  for  a system consisting of much  stiffer 
beams  and  a  more  flexible  plate.  In this  case  it  is  known that  power transfer 
through the plate is not so important. If one is solely interested in the driven beam 
or plate response then Figures 7.36  and  7.39  show that  either prediction method 
could be used as the trends and average levels are in good agreement. 
It is interesting to  compare the experimental results of systems C2  and C4 which 
both have dissimilar beams opposite the excitation point. While beams 1 and 3 are 
connected by other beams as  well as  the plate in system C4, they are connected 
only by the plate in system C2. Nevertheless, comparing Figures 7.32 (b) and 7.39 
(c),  one can find  that the  energy ratios  are  at  similar levels. Thus, this helps to 
confirm that the power is hardly transferred to beam 3 through the beams and most 
ofthe power is transferred through the plate. 
7.7 Conclusions 
Experimental studies dealing with various built-up structures consisting of beams 
attached  to  a  rectangular  plate  and  the  comparison  with  the  numerical  models 
provide some important conclusions. 
(a)  Although the boundary conditions in the numerical models are different from 
the  experimental  configuration,  comparison  of the  power input  shows  the 
suitability of  the models based on the Fourier technique, the modal method and 
the wave method for mid-frequency analysis, especially when frequency-band 
averaged results are considered. 
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(b)  By  studying  the  energy  ratios  it  is  possible  to  investigate  the  energy 
relationship between subsystems in  the built-up  structures.  The results  show 
that, apart from differences in the narrow-band results at low frequencies, the 
effect of  the boundary conditions is not significant in terms of  energy ratios. 
(c)  In addition, even though the wave model gives only an approximate response, 
it  can  be  used  to  predict  the  behaviour of the  two-identical-beam  coupled 
system  and  the  framed  structure  consisting  of  four  identical  beams. 
Comparison  of the  numerical  and  the  experimental  results  shows  that  the 
beam-plate  coupled  system  consisting  of stiffer  beams  results  in  a  better 
estimation in the wave method.  When the beams are  less stiff they are more 
influenced  by  coupling  through  the  plate  which  has  been  ignored  in  this 
method. 
(d)  From measurements with a scanning laser vibrometer, the wavenumber of the 
coupled system consisting of two  beams  and  plate has been identified.  It is 
shown that  the  wavenumber component in the  plate  normal to  the beam is 
almost  identical  to  the  plate  free  wavenumber  and  the  trace  wavenumber 
parallel  to  the  beam  is  dominated  by  the  stiffer  beam  structure  and  its 
wavenumber. 




The  mid-frequency  regIOn  IS  generally  defined  the  regIOn  where  neither  a 
deterministic method such  as  Finite Element Analysis  (FEA) nor a probabilistic 
method such as  Statistical Energy Analysis (SEA) can be used reliably. As seen in 
Chapter 1,  there have been many efforts to  find  a solution for such a frequency 
region.  However,  it  is  also  true  that  most  of them  remain  applied  to  simpler 
situations, for example, a system comprising a single beam and a single plate and 
more research is necessary so that a general tool for mid-frequency analysis can be 
used practically. 
The  object  of this  thesis  is  to  deal  with  more  complicated  systems  through 
reasonable  approaches  and the  corresponding results  are  mainly concentrated on 
the mid and high frequencies. For this, various analytical and numerical approaches 
have  been  examined.  The  uncoupled  beams  considered  contain  only about  10 
modes below 1412 Hz.  Thus, their behaviour can be regarded as a low frequency 
motion  in  the  present  frequency  range  (5.6  - 1412  Hz).  Meanwhile,  the  plate 
considered has about 500 modes in the same frequency range so that it shows high 
frequency characteristics with a modal overlap greater than unity above 50 Hz (see 
Chapter 6).  The mid-frequency region is  thus defined in  this thesis,  in a narrow 
sense, as a certain frequency region associated with the coupling of  stiff beams and 
a flexible plate where the beams are in their 'low frequency' region and the plate in 
its  'high frequency'  region. For realisation of these two important objectives, i.e. 
the consideration of  more complicated systems and the coupling of  stiff beams and 
a  flexible  plate,  a  coupled  system  consisting of several  beams and  a  plate  is  a 
principal system examined in the thesis. 
238 Chapter 8. Conclusions 
In particular, a beam-plate-beam coupled structure was analysed based on a Fourier 
technique. A wave method provides an approximate response of  such a structure. A 
modal  method was  applied to  find  the  vibrational motion of a framed  structure 
consisting of four beams and  a rectangular plate.  The approximate wave method 
was then used to find a reasonable response ofthe same system, at least in the mid-
frequency  region.  The  response  obtained  using  such  approaches  was  firstly 
evaluated  using  FEA  and  then  compared  with  those  obtained  experimentally. 
Wavenumbers were also  identified from  the experiment and shown to  satisfy the 
assumption on which the approximate wave method is based. 
8.2 Summaries and conclusions 
8.2.1 Analytical methods 
FEM and  SEA are  the  most important tools  to  predict the dynamic response of 
structural  and  acoustical  systems  and  are  found  widely in industrial  use;  some 
examples  were  presented  in  Chapter  1.  Research  intended  to  overcome  the 
limitations of these methods was also reviewed. These previous studies show that 
more research is still necessary and this thesis provides a contribution to this area. 
Among the different kinds of approach in use to analyse the dynamic behaviour of 
a system, the methods based on a Fourier transform/series and modal coupling are 
considered in this thesis. These are also used to provide a reference for comparison 
with the  approximate wave method that is  developed.  These methods have been 
applied previously to a simple beam and a simple plate. These Fourier and modal 
methods are also extended here to find the response of  more complicated systems. 
Firstly, a modal coupling technique was presented in Chapter 2 and applied to  a 
single stiff beam and a rectangular plate. Assuming the plate edges are in sliding 
conditions,  the  vibrational  response  of the  coupled  system  can  be  found  in  a 
relatively  simple  form  using  separation  of variables.  It  was  shown  that  the 
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behaviour of the plate in the beam direction is mostly governed by the stiff beam. 
This  implies  that  the  coupled plate motion can  be  analysed  by means  of trace 
wavenumber  matching  involving  the  coupled  beam  wavenumber  in  the  wave 
approach. 
In  Chapter  3,  the  Fourier method  clearly  showed  the  nature of the  interaction 
between the beam and plate in the single-beam coupled system. The fact  that the 
flexible plate acts as an equivalent mass and damping to the beam was shown in the 
wavenumber domain. 
The  procedures  presented  in  Chapters  2  and  3  can  also  be extended  to  more 
complex  systems.  Also,  they  can  be  used  as  a  basis  for  comparison  with  the 
approximate wave method. They provide an exact result for the present boundary 
conditions,  apart  from  the  need  for  an  infinite  number  of modes  or  Fourier 
components.  Convergence  was  examined  to  minimise  computational  time  and 
computer  resources.  The  criteria  determined  from  the  convergence  study  were 
utilised in the analysis of  more complicated systems. 
8.2.2 Approximate wave method 
As  an  approximate  approach,  a  wave  method  was  studied.  The  wave  method, 
originally proposed by Grice and Pinnington [41]  to  analyse a  symmetric single 
beam-plate  system,  was  applied  to  a  non-symmetric  single  beam-plate  system. 
While in the Fourier method the whole range of real values for the coupled beam 
wavenumber are included in the integral, in the wave approach the coupled beam 
free wavenumber is calculated based on wavenumber trace matching. 
Under the important hypothesis that the coupled beam wavenumber is sufficiently 
smaller than the plate free wavenumber, it was shown that the exact line impedance 
for the plate could be substituted by the approximate impedance where the plate 
trace wavenumbers are  assumed to  be equal to  the plate free wavenumber. This 
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physically means that the plate can be regarded as many strips along the beam. The 
damping and mass effect of the coupled plate observed in the Fourier method was 
analytically explained in terms of  the wave approach. 
The wave method presented by Grice and Pinnington [41]  was enhanced to  obtain 
an  improved  response.  A  simple  iteration  method  to  find  roots  in  the  wave 
dispersion  equation  did  not  converge  at  certain  frequencies.  It was  shown  that 
introducing Muller's method to  identify roots in the complex domain could solve 
such  a problem.  Strictly,  the  travelling and  nearfield  'free' wavenumbers in the 
coupled  beam  should  be  different  if present  separately.  Separation of the  two 
wavenumbers was attempted. The corresponding numerical results using these two 
wavenumbers simultaneously showed violation of  the energy conservation between 
the transferred and dissipated powers in the plate. This could be overcome by using 
the  plate  impedance  corresponding  to  the  travelling  wave  when  finding  the 
nearfield  wavenumber,  which  yields  identical  wavenumbers.  By  using  this 
approach, an approximate system is obtained for which the power balance holds. 
As  the plate behaves like strips, the power in the direction normal to the beam is 
only taken into  account  for  the  dissipated power in the plate. Consequently,  the 
plate-dissipated power is  an  underestimate.  Nevertheless,  it was shown that  the 
wave method is  still a good approximate approach.  A similar approach was also 
adopted later in the analysis of more complicated systems involving two or four 
beams. 
8.2.3 Analysis of two-beam coupled systems 
For analysis of a coupled system consisting of two parallel beams and a plate, the 
exact Fourier and approximate wave methods were considered. The response of  the 
finite beam-plate-beam system can be found using a simple cosine function in the 
Fourier series if the opposite two edges of the plate (and the corresponding beam 
ends) are sliding. The relevant equations show that this method is advantageous as 
it can be used for a system consisting of  two dissimilar beams. 
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By synthesising  symmetric  and  anti symmetric  motions  of a  single  beam-plate 
system with half the width, the wave method can be used to find the response of  a 
symmetric  beam-plate-beam  system.  If plate  impedances  acting  upon  the  two 
beams are assumed to  be the same,  then the plate impedance and coupled beam 
wavenumber  for  the  non-symmetric  single  beam-plate  system  can  be  utilised 
without modification.  Although  strictly they may be different,  a power balance 
investigation shows the difference to be small. Such a synthesis technique based on 
the wave model can also be used when the boundary conditions of the beam ends 
are different, for example, when free-free conditions are considered. 
Mobilities and powers were examined based on the Fourier and wave methods. The 
Fourier method is regarded as an exact method for the present boundary conditions 
and used as a reference. The symmetric-antisymmetric wave model seems useful in 
dealing with a symmetric beam-plate-beam system. Although a power investigation 
of the  wave  model  shows  that  the  power transfer  and  dissipated power in the 
coupled  system  are  only  approximate,  the  numerical  results  show  that  it  can 
provide a reasonable estimate of the dynamic response at mid-frequencies as well 
as high frequencies. 
The  energy ratios  and the input power of the  numerical  models were  compared 
with  those  obtained  experimentally.  The  ratio  of  subsystem  energies  was 
introduced to  reduce the  effect of the different boundary conditions between the 
numerical  model  and  the  experiment.  It was  shown  that  the  Fourier and  wave 
methods  replicate  the  experimental  results  very  well.  In  the  Fourier  model, 
although the results  show a small frequency shift in the  general peaks  and dips 
compared with the  experiments,  they can be explained in terms of the  different 
boundary conditions.  The general  levels  are  in good  agreement.  The  experiment 
also  shows that the Fourier model can be applied reliably to the coupled system 
involving two dissimilar beams. The wave model can consider arbitrary boundary 
conditions with respect to the beam ends and such a frequency shift does not occur 
in comparison with the experiment. Thus, although the wave model was constituted 
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based on the approximate plate impedance, the narrow band response as well as the 
one-third octave band averages  are  in very good agreement with experiments  at 
mid and high frequencies. 
The  most  important  hypothesis  in  the  wave  method  is  that  the  coupled  beam 
wavenumber should be sufficiently smaller than the plate free wavenumber, so that 
the plate free wavenumber is almost equal to the trace wavenumber in the direction 
normal to  the beam.  This was verified experimentally by estimating the  coupled 
plate wavenumber using a scanning laser vibrometer and a correlation technique. 
The estimation also shows that the plate motion is predominantly governed by the 
stiffbeam. This was numerically predicted in a convergence study using the modal 
model consisting oftwo beams and a plate. 
8.2.4 Analysis of four-beam coupled systems 
By assuming sliding boundary conditions at the edges of the rectangular plate the 
motion of a coupled system consisting of four beams surrounding the plate could 
be  obtained  relatively  simply  using  the  modal  method.  Although  the  sliding 
condition  is  not  a  necessary  condition  in  the  modal  method,  it  reduces  the 
complexity in its application due to the possibility of separation of  the variables in 
the plate and the fact that plate and beam mode shapes are equal. Strictly, although 
such  boundary  conditions  are  different  from  the  experiment,  the  differences 
introduced are not very significant at least in dealing with mid and high frequency 
regIOns. 
While the modal method gives an  exact result as  long as  a  sufficient number of 
modes are included, the wave method predicts only an approximate response. By 
assuming most of the  power due  to  an  excitation is  dissipated in the plate the 
framed system can be modelled as a system consisting of  four beams, each attached 
to  a  separate  plate.  The  response  in  terms  of one-third  octave  band  averages 
showed that this  plate-decoupled wave model  gives reasonable results compared 
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with the modal model at least above 50 Hz; the region below this corresponds to 
the first 3 beam modes and the region where the modal overlap of the plate is less 
than unity. 
In such a wave model, the dimensions and the boundary condition of  the four plates 
were assumed to be the same as the original plate surrounded by four beams. Thus, 
the opposite edge parallel to  the beam is  assumed  sliding.  However,  it  is  not a 
necessary condition for the modelling and even if  a pinned condition or a different 
width is  considered, the  average response shows  little difference in the mid and 
high frequency regions.  Assuming semi-infinite plates (thus, an infinite width in 
the  direction  normal  to  the  beam),  however,  results  in  an  overestimate  in  the 
damping effect on the beam. 
The wave model under such assumptions and the modal model were then compared 
with experiments.  Although the  boundary conditions of the analytical wave  and 
modal models, i.e.  the beam ends sliding and beams infinitely stiff in torsion, are 
different  from  those in the experiment,  the  input power comparison in  terms of 
one-third octave band averages shows the suitability of the numerical models for 
the mid-frequency analysis.  Especially in the wave model,  although the inherent 
limitation that the plate does not connect the beams directly results in differences in 
the input power at low frequencies, in general it does not affect the results at mid 
and  high  frequencies.  The  energy ratio  between  subsystems based on one-third 
octave  bands  also  shows  the  validity  of the  wave  and  modal  models  as  the 
numerical  and  experimental results  are  generally  in  close  agreement.  While  the 
modal model shows good agreement in comparison of the subsystem energy ratio, 
in the wave model there is a difference for the beam furthest from the excitation. 
This is because in the wave model the plate does not connect the beams. 
The comparison with the experiment shows that the plate-decoupled wave model 
can predict the averaged response of four beam cases well at least in mid and high 
frequency regions. For example, the power inputs in one-third octave bands agree 
within 5 dB  above about 50 Hz between the numerical four-beam model and the 
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experiment,  even though a  frequency  shift occurs due  to the different boundary 
conditions. Recall that the motion of  the stiff beams is considered to be in their low 
frequency  range  while  the  plate  shows  high  frequency  behaviour.  Thus,  the 
estimation  discussed  above  shows  that  the  wave-based  coupling  of  such 
subsystems having low and high frequency characteristics can provide a reasonable 
response in the mid-frequency region. 
An advantage of  the wave method is highlighted in terms of  computation time and 
computer resources. Although the wave method can predict only an approximate 
response it requires  far  less  computer resources  and  time.  For example,  for  the 
present case of the  framed  system,  it was  shown that the wave method requires 
only about 1  % of  the computational time compared with a commercial FE program, 
despite using uncompiled code. 
8.3 Recommended future research 
In this section some suggestions for further research are highlighted. 
8.3.1 Separation of plate impedances based on travelling and nearfield waves 
In the wave method developed in this thesis, the plate impedance obtained based on 
the  travelling wave in the  coupled beam is  used.  This  reasonably describes the 
motion of a beam-plate coupled system as  the beam motion is dominated by the 
travelling  wave.  Nevertheless,  strictly  it  is  expected  that  the  plate  impedance 
depends on the nearfield wave as well as the travelling wave. The nearfield wave 
effect becomes  larger near an  excitation point or beam  ends.  Consequently,  the 
response  of the  coupled  beam  might  be  represented  in  terms  of the  two 
wavenumbers, i.e.  the travelling and the nearfield wavenumbers. In this thesis,  a 
separation  of the  wavenumbers  present  in  the  coupled  beam  was  sought  and 
resulted in the violation of energy conservation. The physical system should obey 
the energy conservation. Thus, further study on the plate impedances dependent on 
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8.3.4 Consideration of damping material attached to a plate 
Another important area of  study involves damping materials. Most important noise-
control strategies are based on the use of damping materials, especially for high 
frequencies. However, their efficiency to control power flow between components 
such as plates and beams is hardly considered in general, which is important for 
weight and cost reduction. 
In  the  wave  approach,  the plate is  assumed to  be strip-like.  Thus,  the  damping 
treatment in this  direction seems relatively easy and the power transfer between 
subsystems  can  be  investigated  in  terms  of  the  partially  damped  plate. 
Consequently,  it  is  expected  that  the  optimal  location  and  appropriate  material 
property of the  damping treatment may be decided by using the locally damped 
plate. 
8.3.5 Study of joint area in a beam-plate system 
It seems especially difficult to understand the behaviour of  the joint area of such a 
structure consisting of beams and a plate. Although the motion of such a framed 
structure was studied, for example, by Yang and Gupta [69]  and Takabatake and 
Nagareda [68], there were no specific investigations on the joint area. Ohtsuki and 
Ellyin [89] studied the joint of a framed structure where the structure only consists 
of  beams without a plate. In this thesis, the framed beam-plate system was analysed 
by assuming the four decoupled plates attached to each beam. Although the general 
response such as mobilities and powers shows the validity of this assumption at 
mid  and  high  frequency  regions,  it  is  not  so  clear that  the  assumption  can be 
acceptable in the joint area as it is expected that the response is more complicated 
due to the presence of  nearfield waves. Thus, an investigation of  the joint area of a 
beam-plate coupled structure seems useful for a future study. 
247 Figure B.3. Complex domain contours (right quadrants) and the roots at 125.1 Hz. 
Now,  based  on  these  complex  domain  contours  and  an  appropriate  numerical 
method,  the  wavenumber  k.~  can  be  obtained  by  calculating  the  root  of this 
equation.  Specifically to  obtain such a complex root,  Muller's method [83]  is  a 
good  approach.  This  method uses  a quadratic  equation which fits  through three 
points in the vicinity of a root and the proper zero of the equation is used as the 
estimate of the root. This process is  repeated using the set of three points nearest 
the root being evaluated. 
The first three initial values are selected at the complex domain contours such as 
Figure BA, basically by trial and error. From the contours the root can be inferred 
approximately. For example, at 23.7 Hz near the first plate anti-resonance in Figure 
B.2, the root is expected to exist at the centre of  the circles in the fourth quadrant in 
the contours of Figure BA. One can see that there are two roots near Re(kJ;::;  1.5 
and 4.9 (the circle near 3.9 corresponds to  peak). Thus, although it was assumed 
that there is only one root in each quadrant in the dispersion equation this is not the 
case. It is necessary to choose an appropriate root so that it can be used in the wave 
method,  and  here  the  root  closer to  that  found  from  the  dispersion equation is 
basically  chosen.  As  presented  in  section  4.3.4,  this  method  for  root  selection 
results  in wavenumber discontinuity when presented as  a  function of frequency 
(see Figure 4.11). 
267 Table D.l. Modal Assurance Criterion between the mode shapes with sliding constraints 
and without sliding constraints (a zero corresponds to a MAC value of  less than 1.0 x 10-
3 
). 
Modes without sliding constraints (Hz) 
0  0  0  10.4  24.2  37.8  53.1  63.1  96.9 
0  0.61  0.32  0.07  0  0  0  0  0  0 
12.2  0.38  0.48  0.13  0  0  0  0  0  0 
17.3  0  0.19  0.80  0  0  0  0  0  0 
Modes with 
26.9  0  0  0  0.99  0  0  0  0  0 
sliding 
53.3  0  0  0  0  0.96  0  0  0.01  0 
constraints 
64.8  0  0  0  0  0  0.97  0  0  0 
(Hz) 
95.0  0  0  0  0  0  0  0.96  0  0 
113  0  0  0  0  0.01  0  0  0.95  0 
142  0  0  0  0  0  0  0  0  0.95 
The point mobilities are compared in Figure D.3 where the point force is applied at 
the joint of beams  1 and 4  as  in Figure D.1.  It can be  seen that  allowing the 
torsional motion of the beam increases the response level  as the framed  structure 
becomes  more  flexible.  Especially,  at  high  frequencies,  the  sliding  boundary 
condition  at  the  excitation point results  in  a  reduction by a  factor  of 2  in  the 
average level of  the point mobility of the framed structure compared with the less 
constrained case. At very low frequency the difference is larger due to the effect of 
rotation of  the frame on the effective mass. 
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